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a b s t r a c t
In this work, a singularly perturbed second-order ordinary differential equation is solved
by applying a new Liouville–Green transform and the asymptotic solutions are obtained. As
an application, we employ our results in discussing a second-order multi-point boundary
value problem.
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1. Introduction
We consider a family of singularly perturbed differential equations
− εy′′ + p(x)y′ + q(x)y(x) = 0, 0 < ε  1, (1)
where p(x) ∈ C2[0, 1], p(x) 6= 0 on the whole interval [0, 1], q(x) ∈ C[0, 1], ε is a small parameter.
Singular perturbation problems arise frequently in many branches of applied mathematics such as fluid dynamics,
quantummechanics, optimal control, chemical reactor theory, aerodynamics, reaction–diffusion processes, geophysics, etc.
It is a well-known fact that the singularly perturbed two-point boundary value problem possesses boundary or interior
layers, i.e., regions of rapid change in the solution near the end points or some interior points with width O(1) as ε → 0.
So the numerical treatment of singularly perturbed differential equations gives rise to computational difficulties. In recent
years, a large number of special methods have been developed to provide accurate numerical solutions. For details, onemay
refer to the books of Farrell et al. [1], Miller et al. [2], O’Malley [3] and Lin and Zhou [4] and the references therein. Zheng
et al. [5] proposed the use of control points of the Bernstein–Bezier form for numerically solving differential equations.
Evrenosoglu and Somali [6] suggest a technique similar to that in [5], for singularly perturbed two-point boundary value
problems:{−εy′′ + p(x)y′ + q(x)y(x) = f (x), 0 < x < 1,
y(0) = α, y(1) = β, (2)
via conversion into a system of first-order differential equations.
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The study of existence results for multi-point boundary value problems was initiated by Il’in and Moiseev [7,8]. Since
then, more general nonlinear multi-point boundary value problems have been studied by some authors. For example, we
refer the reader to [9–12]. Du et al. [9] studied the existence, uniqueness and asymptotic estimates of solutions for a third-
order multi-point singularly perturbed boundary value problem by applying the differential inequalities technique and
the Leray–Schauder degree theory. In [10], Du and Bai discussed the asymptotic solutions for a second-order three-point
boundary value problem. In [11,12], the authors discussed the existence of solutions for some multi-point boundary value
problems by employing the lower and upper solution method and degree theory.
However, in all of the above references [7–9,11,12], the authors only obtained the existence of solutions. To the best of
our knowledge, very few asymptotic solutions were established for multi-point boundary value problems, such as those
of references [7–9,11,12] and therein. In this work, we study the second-order differential equation (1) by applying a new
Liouville–Green transform and obtain the asymptotic solutions. As an application, we shall apply our results to amulti-point
boundary value problem.
2. The Liouville–Green transform and asymptotic solutions
Let the new Liouville–Green transforms z, φ(x), v(z) be
z = ϕ(x) = 1
ε
∫
p(x)dx, (3)
φ(x) = ϕ′(x) = 1
ε
p(x), (4)
v(z) = φ(x)y(x). (5)
According to (5), we have
dy
dx
= 1
φ(x)
dv
dz
z ′(x)− φ
′(x)
φ2
v(x) = ϕ
′(x)
φ(x)
dv
dz
− φ
′(x)
φ2
v(z), (6)
d2y
dx2
= 1
φ(x)
[
ϕ′2(x)
d2v
dz2
+
(
ϕ′′ − 2ϕ
′(x)φ′(x)
φ(x)
)
dv
dz
−
(
φ′′(x)
φ(x)
− 2φ
′2(x)
φ2(x)
)
v
]
. (7)
From (1), (6) and (7), we obtain
−εϕ
′2
φ
d2v
dz2
+
(
2εϕ′φ′
φ2
− εϕ
′′
φ
+ p(x)ϕ
′
φ
)
dv
dz
+
(
εφ′′
φ2
− 2εφ
′2
φ3
− p(x) φ
′
φ2
+ q(x)
φ
)
v(z) = 0,
i.e.,
d2v
dz2
+ 1
ϕ′2
(
ϕ′′ − 2ϕ
′φ′
φ
− p(x)ϕ
′
ε
)
dv
dz
− 1
ϕ′2
(
φ′′
φ
− 2φ
′2
φ2
− p(x) φ
′
εφ
+ q(x)
ε
)
v(z) = 0.
In view of (4), we have
d2v
dz2
−
(
ε
p′(x)
p2(x)
+ 1
)
dv
dz
− 1
p2(x)
(
ε2
p′′(x)
p(x)
− 2ε2 p
′2(x)
p2(x)
− εp′(x)+ εq(x)
)
v(z) = 0,
i.e.,
d2v
dz2
− dv
dz
= ε p
′(x)
p2(x)
dv
dz
+ ε 1
p2(x)
(
ε
p′′(x)
p(x)
− 2ε p
′2(x)
p2(x)
− p′(x)+ q(x)
)
v(z)
= εM(x)dv
dz
+ εN(x, ε)v(z), (8)
where
M(x) = p
′(x)
p2(x)
, N(x, ε) = 1
p2(x)
(
ε
p′′(x)
p(x)
− 2ε p
′2(x)
p2(x)
− p′(x)+ q(x)
)
.
From the conditions p(x) ∈ C2[0, 1], q(x) ∈ C[0, 1], we obtain thatM(x) and N(x, ε) are all bounded on [0, 1]. Then, since 
is a sufficiently small parameter, M(x) and N(x, ) are sufficiently small on [0, 1]. In order to obtain approximate solutions
of (8), we could omit the small term εM(x) dvdz + εN(x, ε)v(z) in (8) and obtain
d2v
dz2
− dv
dz
≈ 0. (9)
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Therefore the approximate solutions v(z) of (9) are
v(z) ≈ C1 + C2ez, (10)
where C1, C2 are two arbitrary constants. From (3)–(5), one has the asymptotic solutions of differential equations
y(x) = v(z)
φ(x)
= ε v(z)
p(x)
≈ ε
p(x)
(C1 + C2e 1ε
∫
p(x)dx). (11)
where C1, C2 are two arbitrary constants.
Remark. In [3,4], the authors applied the Liouville–Green transform
z = ϕ(x) = λ
∫ √
q1(x)dx, φ(x) =
√
ϕ′(x) = √λ 4√q1(x), v(z) = φ(x)y(x)
to deal with the second-order differential equation y′′ + (λ2q1(x) + q2(x))y = 0, λ  1. But it is not suitable for Eqs. (1),
because the first derivative is involved in (1).
3. Application to multi-point boundary value problems
As an application, we discuss the second-order multi-point boundary value problem (BVP)
−εy′′ + p(x)y′ + q(x)y(x) = 0, 0 < ε  1, 0 < x < 1,
y(0) = α, y(1)−
m−2∑
i=1
ξiy(ηi) = β, (12)
where α, β, ξi, ηi (i = 1, 2, . . . ,m− 2) are finite constants and 0 < η1 < η2 < · · · < ηm−2 < 1. We assume that
∆ = ε
2
p(0)
(
1
p(1)
(e
1
ε
∫ 1
0 p(x)dx − 1)+
m−2∑
i=1
ξi
1
p(ηi)
(1− e 1ε
∫ ηi
0 p(x)dx)
)
6= 0.
Applying the asymptotic solutions to the boundary conditions in (12), we have
C∗1
ε
p(0)
+ C∗2
ε
p(0)
= α,
C∗1 ε
(
1
p(1)
−
m−2∑
i=1
ξi
1
p(ηi)
)
+ C∗2 ε
(
1
p(1)
e
1
ε
∫ 1
0 p(x)dx −
m−2∑
i=1
ξi
1
p(ηi)
e
1
ε
∫ ηi
0 p(x)dx
)
= β.
One has
C∗1 =
αε
(
1
p(1)e
1
ε
∫ 1
0 p(x)dx −
m−2∑
i=1
ξi
1
p(ηi)
e
1
ε
∫ ηi
0 p(x)dx
)
− εβp(0)
|∆| , (13)
C∗2 =
εβ
p(0) − ε
(
1
p(1) −
m−2∑
i=1
ξi
1
p(ηi)
)
|∆| . (14)
Then BVP (12) has the following asymptotic solution:
y(x) ≈ ε
p(x)
(C∗1 + C∗2 e
1
ε
∫ x
0 p(s)ds), (15)
where C∗1 , C
∗
2 are given by (13), (14) respectively.
Now we discuss the following second-order five-point boundary value problem to illustrate the main results:
−εy′′ + (x+ 1)y′ + q(x)y = 0, 0 < ε  1, 0 < x < 1,
y(0) = 1, y(1)− y
(
1
4
)
− 2y
(
1
3
)
− 3y
(
1
2
)
= 2, (16)
where p(x) = x+ 1, q(x) ∈ C[0, 1], α = 1, β = 2, ξ1 = 1, ξ2 = 2, ξ3 = 3, η1 = 14 , η2 = 13 , η3 = 12 .
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Then p(x) = x+ 1 ∈ C2[0, 1], p(x) 6= 0 on the whole interval [0, 1] and
∆ = ε
2
p(0)
(
1
p(1)
(e
1
ε
∫ 1
0 p(x)dx − 1)+
m−2∑
i=1
ξi
1
p(ηi)
(1− e 1ε
∫ ηi
0 p(x)dx)
)
= ε2
(
1
2
(e
3
2ε − 1)+ 4
5
(1− e 932ε )+ 3
2
(1− e 718ε )+ 2(1− e 58ε )
)
6= 0.
According to (13), (14), one has
C∗1 =
ε
(
1
2e
3
2ε − 45e
9
32ε − 32e
7
18ε − 2e 58ε
)
− 2ε
|∆| , (17)
C∗2 =
εβ
p(0) − ε
(
1
p(1) −
3∑
i=1
ξi
1
p(ηi)
)
|∆| =
29ε
5|∆| . (18)
Then BVP (16) has the following asymptotic solutions:
y(x) ≈ ε
x+ 1
(
C∗1 +
29ε
5|∆|e
x2+2x
2ε
)
, (19)
where C∗1 is given by (17).
4. Discussion
In this work, we are concerned with the asymptotic solutions of singularly perturbed differential equations and apply
the main results to multi-point boundary value problems under the condition p(x) 6= 0 on the whole interval [0, 1], i.e., the
function p(x) has the same sign on the whole interval [0, 1]. However, if the function p(x) changes sign on the interval [0, 1]
or the equation is changed into−εy′′ + p(x)y′ + q(x)y(x) = f (x), then the method is not valid. This problem will be solved
by applying another numerical method.
Acknowledgements
The authors wish to express their thanks to the referees for their very valuable comments and corrections.
References
[1] P.A. Farrell, A.F. Hegarty, J.J.H. Miller, E. O’Riordan, G.I. Shishkin, Robust Computational Techniques for Boundary Layers, Chapman & Hall, CRC Press,
London, Boca Raton, FL, 2000.
[2] J.J.H. Miller, E. O’Riordan, G.I. Shishkin, Fitted Numerical Methods for Singular Perturbation Problems, World Scientific, Singapore, 1996.
[3] R.E. O’Malley, Singular Perturbation Methods for Ordinary Differential Equations, Springer-Verlag, New York, 1991.
[4] Z.C. Lin, M.R. Zhou, Singular Perturbations in Applied Mathematics, Jiangsu Education Press, Nanjing, 1995 (in Chinese).
[5] J. Zheng, T.W. Sederberg, R.W. Johnson, Least square methods for solving differential equations using Bezier control points, Appl. Numer. Math. 48
(2004) 237–252.
[6] M. Evrenosoglu, S. Somali, Least squares methods for solving singularly perturbed two-point boundary value problems using Bezier control points,
Appl. Math. Lett. 21 (2008) 1029–1032.
[7] V.A. Il’in, E.I. Moiseev, Nonlocal boundary value problems of the first kind for a Strum–Liouville operator in its differential and finite difference aspects,
Differ. Equ. 23 (7) (1987) 803–810.
[8] V.A. Il’in, E.I. Moiseev, Nonlocal boundary value problems of the second kind for a Strum–Liouville operator in its differential and finite difference
aspects, Differ. Equ. 23 (8) (1987) 979–987.
[9] Z. Du, W. Ge, M. Zhou, Singular perturbations for third-order nonlinear multi-point boundary value problem, J. Differential Equations 218 (1) (2005)
69–90.
[10] Z. Du, Z. Bai, Asymptotic solutions for a second-order differential equation with three-point boundary conditions, Appl. Math. Comput. 186 (2007)
469–473.
[11] L. Kong, Q. Kong, Multi-point boundary value problems of second-order differential equations (I), Nonlinear Anal. 58 (7–8) (2004) 909–931.
[12] S. Lu, W. Ge, On the existence of m-point boundary value problem at resonance for higher order differential equation, J. Math. Anal. Appl. 287 (2)
(2003) 522–539.
